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Abstract
The importance of the tomographic approach is that either in
quantum mechanics as in classical mechanics the state of a phys-
ical system is expressed with the same family of functions, the to-
mograms. The extension of this procedure to quantum cosmology
is straightforward. But instead of using the tomographic represen-
tation, we use tomograms to analyze the properties of the quantum
and classical universes, starting from the wave functions in quan-
tum cosmology and the phase space distribution in classical cos-
mology. In this paper we resume the properties of the tomographic
approach introduced in previous papers. Then we study and dis-
cuss the properties of the initial conditions introduced by Hartle
and Hawking and by Vilenkin and Linde and we study their classi-
cal transition. It results that a possible reason for the quantum to
classical transition is the decay of the cosmological constant from
the Planck scale to the present one. So that the Cosmological Con-
stant Problem becomes a crucial topic in study of the evolution of
the universe.
1 Introduction
General Relativity is a well-established theory which introduces a close
relation between geometry and physics. However its undeniable suc-
cesses are in some cases counterbalanced by some of its shortcomings.
The Hawking and Penrose theorems show that under conditions of
the energy-momentum tensor, which are compatible with alle the forms
of matter fields we know, the solutions of the Einstein equations must
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contain at least one singularity. This means that the theory is not al-
ways able to make physical predictions because the presence a singular-
ity means that the state of a gravitational system can not determined.
Because as the state of a physical system is represented by a set of
data that allow us to predict its evolution. The presence of a singular-
ity means the absence of such data and therefore the impossibility to
predict the physical evolution of the system.
In cosmology the singularity is related to the degeneracy of the met-
ric and of the scalar curvature and it corresponds to an infinite mass-
energy density. This suggests that at states close to the singularity
General Relativity can not be a reliable theory.
The high densities and small distances involved suggest that it is
most likely to be a quantum theory that has general relativity as its
classical limit.
In the quest of this theory we can apply the canonical quantization
of the gravitational field, according to the prescriptions introduced by
Dirac in 1932. This program was completed by Arnowitt, Deser and
Misner[1] by introducing the Hamitonian formulation of general rela-
tivity where the spatial components of the metric and their respective
conjugate momenta defined on a spatial 3-surface S are the canoni-
cal variables. The Einstein equations are equivalent to two classes of
equations, the evolution equation obtained the Hamiltonian equation of
motion, but the properties of the theory imply too the existence of con-
straint equations among the variables which, according to the Bianchi
identities, are preserved during the evolution of the system on a each
spatial 3-surface S.
In quantum gravity the role of the Schroedinger equations is taken
by the quantum constraint equations (the Wheeler De Witt equation and
the diffoemorphism equation), which become operators that annihilate
the wave functionals. A direct development of this formalismo is loop
quantum gravity that will be discussed elsewhere.
A relevant chapter of quantum gravity is quantum cosmology. It is
considered as a simplified version of quantum gravity because it takes
as canonical variables only homogeneous spatial metrics and there con-
jugate momenta. This restriction reduces the infinite degrees of freedom
of the quantum gravity theory to a finite number, by this simplification
many properties of the general theory can be explored with more ease.
But the study of quantum cosmology has become an important issue in
modern physics because it can explain the origin of the large structure
of the universe.
The two fundamental laws at the basis of quantum cosmology theory
are the dynamical description of the quantum evolution of the universe
and the assignment of the initial quantum state.
The Wheeler-DeWitt equation equation in quantum cosmology plays
a role similar to the Schro¨dinger equation in quantum mechanics.
Among the infinite solutions of the Wheeler-De Witt equation the
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physical ones are those which have a classical limit and predict the large
scale of the universe observed. . According to our present knowledge we
live in a almost homogeneouos and isotropic universe, very likely flat,
whose particular structure was originated by primordial quantum per-
turbations generated during the inflationary epoch. The acceleration of
the observed expansion recently completes the current picture of the
state of the universe. The origin of this expansion has not yet been
definitively explained and is presumably attributable either to a form of
dark energy or to a substantial modification of Einstein’s equations.
This scenario must be the result of the evolution of a classical pri-
mordial universe descending from a quantum universe whose proper-
ties are in turn determined by particular initial conditions. Such initial
conditions must be regarded as a fundamental physical law, because
unlike an ordinary physical system they can not be arbitrarily assigned
in relation to the conditions designed by an observer. They must select
the only quantum state that conducts to the correct evolution of the
universe.
The choice of the initial state of the universe can be deduced from
particular physical requirements, first imposing the absence of an ini-
tial singularity and second by requiring that the collapsing modes will
not make the newborn universe recollapses. Alternatively one can also
think that some informations of the initial stages of the universe survive
on the present structure and that they can be iderived from observa-
tional data.
In this article we will discuss the initial conditions proposed by Har-
tle and Hawking, Vilenkin and Linde, in particular we consider them, for
sake of simplicity, in the context of a de Sitter, i. e. just in presence of a
cosmological constant. We analyze the different solutions in the context
of quantum tomography. It is interesting to note that greater versatility
is obtained in the understanding of an argument, when the different
representations of quantum mechanics are used simultaneously.
Quantum tomography was introduced in very recent times to have a
means to reconstruct the initial state of a quantum system by detecting
probability distribution functions. An observer gets a statistical predic-
tion of the values of any observable as the result of the measurements
within the limits imposed by quantum mechanics.
To this purpose q uantum tomography has been applied quantum
optics by using the properties of balanced homodyne detection[4] [5]
[6]. The homodyne measurement of an electromagnetic field gives all
the possible linear combinations of the field quadratures just by vary-
ing the phase of a local oscillator. At any phase of the local oscillator
the average of the outcomes is related to a marginal distribution of the
Wigner function [7]. This is the most straightforward way to reconstruct
experimentally the Wigner function and consequently any other quasi
probabilistic distribution.
Similarly quantum tomography is applied to quantum mechanics to
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mount an atomic optics apparatus to reconstruct the initial state of ta
quantum system (see [8] for the problem in one dimension and [9] for
the problem in two dimensions) . The experiment was realized by [10]
in reconstructing the initial state of a helium atom(see also [11] for the
realization of the detector).
Theoretical research has shown that conventional quantum mechan-
ics can have a representation in which the fundamental quantities de-
scribing the quantum states are the tomograms instead of the wave
function. In many respects it is useful the tomographic representa-
tion cf quantum mechanics, because tomograms have an immediate
physical interpretation because they are marginal probability functions
therefore they are observables. The other important aspect is that one
can define classical tomograms on the phase space and we can describe
the physical state of a system in a single way both in quantum mechan-
ics and in classical mechanics.
We can to extend quantum tomography to cosmology. It seems an
appropriate way to address the issue of the initial conditions problem.
We will show how to construct quantum and classical tomograms, study
their properties and then consider the transition from quantum to clas-
sical, in order to try to connect the properties of the large scale universe
with the initial conditions.
In sect. 2 symplectic tomography is introduced. We introduce the
definition of a quantum tomogram as the Radon transform of the Wigner
function. From this we find also the relation of tomogram and wave
function. In the following are listed all the properties of the tomograms
and how to calculate them with the stationary phaase approximation.
The definition of classical tomograms ends the section.
Classical cosmology is introduced in sect. 3. After a very short re-
sume of the relevant properties of the de Sitter universe, we derive the
tomogram after defining the probability distribution on the phase space
through the Hamiltonian classical contraint. In sect.4 we consider the
wave equations corresponding to the proposals of Hartle-Hawking, Vilennkin
and Linde as solutions of the Airy equations. But only in the first case
it is possible to express the Wigner function as an Airy function as well.
The other two finctions are not limited so it is not possible to perform
an integral transform. The same is happens in the definition of the
tomograms.We conclude the section by taking the classical limit.The
arguments developed in this paper open new perspectives in the study
of quantum cosmology. In sect 6 after resuming the results of this pa-
per, we list the possible developments of this work, which was conceived
originally to relate the data on the large scale structure of the universe
with the initial conditions, but it shows also the power of analysis of
tomography in understanding quantum cosmology.
4
2 Introduction to symplectic tomography
In classical mechanics the state of a physical system is given by that set
of data that allow us to predict the evolution of this system on the basis
of the physical laws that rule them.
For example, the initial position and velocity of a point particle in a
potential allows to determine its the motion, which in turn is described
as a succession of states determined uniquely by the equation of motion.
In phase space the state of a single classical point particle is given
by the distribution function
f(q, p) = δ(q − q0)δ(p− p0). (2.1)
Due to the uncertainty principle according to which it is not possible
to fix with arbitrarily high precision the position and the momentum of
a particle in the same time, this definition of physical state does not
make sense in quantum mechanics. Rather the state of a system is
intended in terms of a probability distribution for each observable.
According to [12] there are nine formulations of quantum mechanics,
the tomographic representation is the tenth. In each of these formula-
tions the physical state of a quantum system is represented differently.
For example Wigner introduced a function on phase space defined
by the transform of the wave function ψ(x)
W (x, p) =
1
2pi
∫
ψ
(
x+
~u
2
)
ψ∗
(
x− ~u
2
)
e−iupdu . (2.2)
to describe the state of a quantum particle on the phase space in anal-
ogy with classical mechanics. The Wigner function is defined with the
requirement that it has to be normalized∫
W (q, p)dq dp = 1. (2.3)
In quantum cosmology alongside the concept of wave function of the
universe, the density matrix representation and the phase space rep-
resentations have been introduced with the purpose of addressing the
problem of the classical transition for a quantum universe.
Unfortunately, these formalisms can hardly be directly related to the
observational data, because the wave function and the density matrix
do not have a physical interpretation, while the Wigner function can-
not be considered a probability function as it can take negative values
unlike the Boltzmann which instead is probability distribution function
on phase space,
Recently the notion of standard positive probability distribution func-
tion (tomogram) was introduced in cosmology to describe the quantum
state of universe as an alternative to wave function or to density matrix
.
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The tomogram can be defined by projecting the Wigner function on
the axes on the phase space at arbitrary angles. Mathematically this is
represented by the modified Radon transform,
W (X,µ, ν) =
∫
W (q, p)δ(X − µx− νp)dxdp ., (2.4)
The function W (X,µ, ν) depends on the random variable X and two
real parameters µ and ν. Specifically X is given by a linear combination
of position and momentum:
X = µx+ νp (2.5)
with µ = s cos θ and ν = s−1 sin θ.
So, we say that the quantum state is given if the position probability
distributionW(X,µ, ν) in an ensemble of rotated and squeezed reference
frames in classical phase space is given. Given a large ensemble of
particles prepared in the same state, it gives the probability that the
pseudo classical trajectory of a single particle depends on a pair of initial
conditions contained in the combination (2.5) .
From (2.7) we can derive the relation between a wave function ψ(x)
and its corresponding tomogram. We must consider separately the case
ν 6= 0 and the case ν = 0.
Let us consider first ν 6= 0. It is convenient to write the Wigner func-
tion in the following form
W (x, p) =
1
2pi
∫
ψ (y′)ψ∗ (y) eip(y
′−y)d(y′ − y) (2.6)
so that the tomogram is written as
W (X,µ, ν) = 1
2pi
∫
ψ (y)ψ∗ (y′) eip(y
′−y)δ(X − µx− νp)d(y′ − y)dxdp (2.7)
where
y = x− u
2
x =
y + y′
2
(2.8)
y′ = x+
u
2
u = y′ − y. (2.9)
Applying the definition of tomogram we find
W (X,µ, ν) = 1
2pi
∫
ψ (y′)ψ∗ (y) eip(y
′−y)δ(X − µx− νp)d(y′ − y)dxdp
=
1
2pi|ν|
∫
ψ (y)ψ∗ (y′) ei(
X
ν − µ2ν (y+y′))(y′−y)d(y′ − y)dx
=
1
2pi|ν|
∫
ψ (y)ψ∗ (y′) ei(
X
ν (y−y′)− µ2ν (y2−y′2))dy′dy
≡ 1
2pi|ν|
∣∣∣∣∫ ψ (y) exp [i( µ2ν y2 − Xν y
)]∣∣∣∣2 (2.10)
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If ν = 0 we have
W (X,µ, 0) = 1
2pi
∫
ψ
(
x+
u
2
)
ψ∗
(
x− u
2
)
eiupδ(X − µx)dxdpdu
=
1
2pi
∫
ψ
(
x+
u
2
)
ψ∗
(
x− u
2
)
δ(u)δ(X − µx)dxdu
=
1
2pi
∫
ψ (x)ψ∗ (x) δ(X − µx)dx
=
1
2pi|µ|
∣∣∣∣ψ(Xµ
)∣∣∣∣2 = 12pi|µ| |ψ (x)|2 , (2.11)
because with ν = 0
X = µX (2.12)
in particular
W (X, 1, 0) = 1
2pi
|ψ (X)|2 ≡ 1
2pi
|ψ (x)|2 .
It must be noted that the general expression for the tomogram (2.10)
is the square modulus of the tomographic amplitude
A (X,µ, ν) =
∫
ψ(y) exp
(
i
µy2
2ν
− iXy
ν
)
dy . (2.13)
which is the fractional Fourier transform of the wave function.
When µ = 0 and ν = 1 the tomographic amplitude reduces to a
Fourier transform from x to X ≡ p, leading in (2.10) to the density |ψ(p)|2
in the p representation.
The relation X = µx+ νp between x, p and X is a collection of linear
canonical transformations parameterized by µ and ν with generating
function
G(µν)(x,X) = − µ
2ν
(
x− X
µ
)2
= − µ
2ν
x2 +
Xx
ν
− X
2
2µν
(2.14)
so that (2.10) can be written as
W (X,µ, ν) = 1
2pi|ν|
∣∣∣∣∫ ψ (y) exp [−iG(µν)(y,X)] dy∣∣∣∣2 . (2.15)
Eq. (2.15 ) can be interpreted as the square modulus of the wave func-
tion obtained by a linear canonical transform in the new variable X.
Finally we observe that the relation found between tomogram and
wave function can be applied to the density matrix of a pure state and
extended to any density matrix in the following way,
W (X,µ, ν) = 1
2pi|ν|
∫
ρ(y, y′)exp
[
−iy − y
′
ν
(
X − µy + y
′
2
)]
dydy′ . (2.16)
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These relations can all be inverted to reconstruct the Wigner func-
tion, the density matrix and the wave function once the tomograms
have been determined. As a matter of fact it can be proved that there
exist a one to one correspondence among all these representations of a
quantum state.
2.1 Reconstruction of the wave function
Reconstruction of ψ(x) from the Wigner function
∫
W (x, p)e−2ipξ
′/~dp =
∫
ψ∗(x+ ξ)δ(ξ − ξ′)ψ(x− ξ)dξ = ψ∗(x+ ξ′)ψ(x− ξ′)
(2.17)
Let us choose an a such that∫
W (a, p)dp = ψ∗(a)ψ(a′) 6= 0 (2.18)
and ξ′ = a− x, ∫
W (x, p)e−2ip(a−x)/~dp = ψ∗(a)ψ(2x− a) (2.19)
2x− a→ x
ψ(x) =
1
ψ∗(0)
∫
W
(
x+ a
2
, p
)
eip(x−a)/~dp (2.20)
ψ(x) =
1
ψ∗(0)
∫
W
(x
2
, p
)
eipx/~dp (2.21)
Reconstruction of the Wigner function from the tomogram
W (x, p) =
∫
W(X,µ, ν)ei(X−µx−νp)dXdµdν (2.22)
consequently the recontruction of the wave function from the tomogram
descends from the preceding equations, in the case a = 0,
ψ(x) =
~
2pi
1
ψ∗(0)
∫
W(X,µ, ν)ei(X−µ x2−νp+ px~ )dXdµdνdp (2.23)
Integrating with respect to p and ν we finally obtain
ψ(x) =
~
2pi
1
ψ∗(0)
∫
W(X,µ, ν)ei(X−µx2 ))dXdµ . (2.24)
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2.2 Properties of the tomograms
The symplectic tomogram W(X,µ, ν) has the properties which follow
from its definition by using the known properties of delta function,
namely,
1) Nonnegativity
W(X,µ, ν) ≥ 0
(this holds by observing that the trace of the product of two positive
operators is a positive number).
2) Normalization ∫
W(X,µ, ν)dX = 1. (2.25)
These first two conditions are important because the tomogram is a
probability function.
3) homogeneity
W(λX, λµ, λν) = 1|λ|W(X,µ, ν). (2.26)
2.3 Stationary phase approximation for tomograms
If we write the wave function in the quasi classical approximation, which
corresponds to a stationary solution where the energy E is a constant
and the amplitude and the phase S are connected. S is a solution of
the Hamilton-Jacobi equation.
ψ(x) = |ψ(x)|eiS(x) (2.27)
in |ψ(x)| varies slowly the tomogram is given in the following way,
W(X,µ, ν) = 1
2pi|ν|
∣∣∣∣∫ |ψ (y) | exp [i(S(y) + µ2ν y2 − Xν y
)]∣∣∣∣2 (2.28)
and applying the stationary phase approximation to obtain
W(X,µ, ν) ≈ 1
2pi|ν| |ψ(x0)|
2
∣∣∣∣∣ ∂2S∂x2
∣∣∣∣
x=x0
+
µ
ν
∣∣∣∣∣
−1
(2.29)
where x0 is the solution of equation
∂S
∂x
+
µ
ν
x− X
ν
= 0. (2.30)
If eq. (2.33) has multiple roots (x(1)0 . . . x
(N)
0 ) then the tomogram be-
comes
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W(X,µ, ν) ≈ 1
2pi|ν|
∣∣∣∣∣∣
N∑
i=1
ψ(x
(i)
0 )√
∂2S
∂x2
∣∣
x=x
(i)
0
+ µν
∣∣∣∣∣∣
2
. (2.31)
We notice that
µ
ν
x− X
ν
= −p (2.32)
so eq.(2.33) expresses the condition of classical correlation,
p =
∂S
∂x
. (2.33)
The stationary points, solutions of eq. (2.33) are they are the points
where the integrand is maximum giving the most important contribu-
tion to the value of the integral. This means that the meaningful points
which lead to the semiclassical solutions are at the peaks of the tomo-
graphic amplitudes, which lead to the solutions given in eq. (2.31).
2.4 Classical tomograms
The definition of tomogram (2.7) can be extended to any distribution on
the phase space. Therefore we can extend this definition to classical
distributions f(q, p), e.g. solutions of the Boltzmann equation,
W (X,µ, ν) =
∫
f(x, p)δ(X − µx− νp)dxdp . (2.34)
If the classical probability distribution f(q, p) is normalized then also
the tomogram is normalizedand satisfies the following conditions,∫
W (X,µ, ν) dX = 1 (2.35)
W (X, 1, 0) =
∫
f(x, p)dp (2.36)
and
W (X, 0, 1) =
∫
f(x, p)dx . (2.37)
For example taking the distribution function
f(q, p) = δ(x− x0)δ(p− p0) (2.38)
introduced at the beginning of this section, we obtain by eq, (2.34) that
the tomogram of a particle is
W (X,µ, ν) = δ(X − µx0 − νp0) (2.39)
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For a moving particle the time dependent distribution function is
f(q, p, t) = δ(x− x(t)δ(p− p(t)) (2.40)
and the corresponding tomogram is
W (X,µ, ν) = δ(X − µx(t)− νp(t) . (2.41)
In particular for a free particle with mass m and given the equations of
motion
x(t) = x0 +
p
m
t (2.42)
p(t) = p0 = const. (2.43)
the particle describes a trajectory on the phase space given by the dis-
tribution function
f(q, p, t) = δ
(
x− x0 + p
m
t
)
δ(p− p0) (2.44)
and the corresponding tomogram is
W (X,µ, ν) = δ
(
X − µ
(
x0 +
p0
m
t
)
− νp0
)
. (2.45)
3 The De Sitter universe
The de Sitter model was of crucial importance because it showed that
the cosmological constant, contrary to what Einstein believed initially,
makes the universe expand even in the absence of material fields. It is
given by the equation
Gµν = Λgµν (3.1)
abd the metric is the homogeneous and isotropic metric
ds2 = N2c2dt2 − a2(t)
(
dr2
1− k2r2 + r
2(dθ2 + sin2 θdφ2)
)
(3.2)
where N is the lapse, the function that encodes the choice of the time
coordinate. If k = 0 the classical solution gives an exponential expan-
sion
a(t) ∝ eHt (3.3)
where the Hubble constant H is
H =
√
Λ
3
. (3.4)
It must be noted that there is a singularity at t = −∞, i.e. the cosmo-
logical constant violates the Hawking-Penrose conditions.
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The importance of the de Sitter model in cosmology was that it con-
firmed that General Relativity predicted a non static universe. This
model was reintroduced with the inflationary paradigm to overcome the
drawbacks of traditional cosmological models which were unable to ex-
plain in a natural way the flatness and the homogeneity of the universe.
Let us consider a closed homogeneous and isotropic model with a
cosmological constant Λ was used in quantum cosmology. Using the
notations of [26][27] [31], we write the metric
ds2 = l2p[−N2(t)dt2 + a2(t)dΩ23] (3.5)
where a(t) is the expansion factor of the universe, dΩ23 is the metric of
the unit three-sphere N(t) is the lapse function, lp = 2/3`p, with `p the
Planck length. Introducing the following variables
q = a2 N˜ = Nq (3.6)
the Hamiltonian takes the form
H = 1
2
(−4p2 + λq − 1) (3.7)
where λ is the cosmological constant in Planck units. The ADM formal-
ism implies the constraint
H = 0 (3.8)
this corresponds to a trajectory on the phase space. At a fixed time
the distribution on the phase space reduces to just one point of this
trajectory. Differently from the example given in the previous section
(see eq (2.38)), position and momentum are not independent.
The equation of motion tells us how ”fast” thie universe runs along
this trajectory.
We represent this trajectory with the distribution
f(q, p) = δ
(−4p2 + λq − 1) (3.9)
and the corresponding classical tomogram is
W (X,µ, ν) =
∫
δ
(−4p2 + λq − 1) δ(X − µq − νp)dqdp
=
1
2|µ|
1∣∣∣√λ2ν216µ2 + λXµ − 1∣∣∣ . (3.10)
This tomogram cannot be normalized as it it not integrable on −∞
to +∞. It can be normalized only if the function (3.10) has a compact
support C. We the inferior value of the interval is giving by requiring
the reality of the equare root,
λ2ν2
16µ2
+
λX
µ
− 1 ≥ 0 (3.11)
12
i.e.
X ≥ µ
λ
(
1− λ
2ν2
16µ2
)
(3.12)
The superior iimit of C follows by imposing the normalization of the
tomogram (2.35).
∫ ∞
−∞
W(X,µ, ν) = 1
2|µ|
∫ λµ+µλ(1−λ2ν216µ2 )
µ
λ
(
1−λ2ν2
16µ2
) 1∣∣∣√λ2ν216µ2 + λXµ − 1∣∣∣ =
µ
|µ| . (3.13)
which is equal to 1 only for positive µ In conclusion we redefine the
function (3.10) with support on the compact interval,[
1− λ
2ν2
16µ2
, λµ+ 1− λ
2ν2
16µ2
]
. (3.14)
as
W (X,µ, ν) =

0 X < 1− λ
2ν2
16µ2
1
2|µ|
1∣∣∣√λ2ν216µ2 + λXµ − 1∣∣∣ 1−
λµ− ν2
16µ2
≤ X ≤ λµ+ 1− λ
2ν2
16µ2
0 X > λµ+ 1− λ
2ν2
16µ2
(3.15)
with µ > 0.
Let us assume that the cosmological constant has the value cur-
rently accepted. In Planck units λ = 5.6 · 10−122 t−2p , therefore to all
practical effects we can consider the function (3.15) as a Dirac delta.
We can show this by considering for sake of simplicity the integral of
any function f(x) with the function 1/(2c
√
x− x0) with support on the
closed interval [x0, x0 + c2]
1
2c
∫ x0+c2
x0
f(x)√
cx− x0 dx =
1
2c
∫ x0+c2
x0
(
f(x0)√
x− x0 +
f ′(x0)√
x− x0 (x− x0) + . . .
)
dx
=
1
2c
(
2f(x0)
√
x− x0|x0+c2x0 + f ′(x0)(x− x0)3/2|x0+c
2
x0 + . . .
)
= f(x0) + f
′(x0)× c2 +O(c4) (3.16)
if c is negligible integration (3.16) gives approximately f(x0).
In conclusion, if the cosmological constant is of the order of mag-
nitude of the value accepted nowadays the classical tomogram of a de
Sitter universe may be expressed by a delta function,
13
Figure 1: The tomogram of the classical de Sitter universe
W (X,µ, ν) = δ
(
λ
µ
X +
λ2ν2
16µ2
− 1
)
. (3.17)
It is interesting to note that in the classical universe the sharp con-
ditions of sharp homogeneity are determined by the extreme smallness
of the cosmological constant.
4 The de Sitter quantum cosmological mod-
els
In quantum cosmology the Hamiltonian constraint becomes an equa-
tion, called the Wheeler De Witt equation, in which the Hamiltonian
operator annihilates the wave function ψ(q)
Hˆψ(q) = 0 . (4.1)
The wave function represents the state of the quantum universe.
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The Wheeler-DeWitt equation in the de Sitter universe is(
4~2
d2
dq2
+ λq − 1
)
ψ(q) = 0 . (4.2)
The properties of this equation were discussed in [25]. With the
change of variables
x = −
(
λ
4~2
)1/3(
q − 1
λ
)
=
1− λq
(2~λ)2/3
(4.3)
equation (4.2) becomes the Airy equation
d2ψ(x)
dx2
− xψ(x) = 0, (4.4)
whose solutions are expressed by the integral on the complex plane
ψ(x) =
∫
C
exp
(
xz − z
3
3
)
(4.5)
and depend on the choice of the path C [29] [30].
There are has two independent solutions. The solutions of interest
are those which take real values. These are the Ai(x) defined by tak-
ing as path C the imaginary axis from −i∞ to +i∞ so that its integral
representation is
Ai(x) =
1
2pi
∫ +∞
−∞
exp
[
i
(
z3
3
+ xz
)]
dz (4.6)
and Bi(x) which is is obtained taking the path C following the imaginary
axis from +i∞ to 0 and then along the real axis from 0 to +∞, its integral
representation is
Bi(x) =
1
pi
∫ +∞
0
[
exp
(
−z
3
3
+ xz
)
+ sin
(
z3
3
+ xz
)]
dz . (4.7)
Bi(x) has the property to be real valued for real x. Any other solution of
the Airy equation is given by a linear combination of these two functions.
Among all the solutions we can select the physically meaningful ones
by imposing appropriate initial conditions. Of particular interest are the
conditions which predict a classical evolution with the characteristics
observed in the present universe.
In this context, among the various initial conditions proposed the
best known and most studied are the Hartle and Hawking “no-boundary
condition” and Vilenkin’s “tunneling of the universe from nothing begin-
ning ” which was resubmitted in a different form by Linde.
With the initial no-boundary solution, Hartle and Hawking have in-
tended to restrict the set of solutions of the Wheeler De Witt equation
15
by selecting the set of 4-geometries allowed such that there is not a sin-
gular initial boundary differently from the classical solutions. This is
obtained by ‘”smoothing the geometry of the universe off in an imag-
inary time”.[33]. For example, whereas a surface with
√
h = 0 (with h
the determinant of the spatial metric) would be singular in a Lorentzian
signature metric, this is not necessarily the case if the metric is of Eu-
clidean signature. In other words it is necessary to choose the initial
condition ensuring the closure of the four-geometry[34]
Vilenkin represented with the tunneling of universe an initial state of
the universe in an analogy with tunneling effect in quantum mechanics.
As in quantum mechanics the solutions contain “ingoing” and “out-
going” modes, in quantum cosmology one has to contracting and ex-
panding modes. According yo Vilenkin’s proposal the universe wave
function consists of those containing only expanding modes at the parts
of the boundary of superspace corresponding to the classical singular
four-geometries. Moreover a regularity condition, that ψ be everywhere
bounded, is also imposed.[34]
In this paper we consider the different wave functions In a de Sitter
minisuperspace. We reproduce the results obtained in [25] and extend
the discussion of these models to the Wigner functions (see [26][27] and
[31] ) and to the tomographic representation.
4.1 Wave Functions
In the de Sitter quantum cosmological models the initial conditions are
linear combinations of the Airy functions. The form of the wave func-
tions corresponding to the initial conditions was obtained by Halliwell
and Louko in [25]. It particular they found that the Hartle and Hawking
wave function is
ψHH = AAi
(
1− λq
(2~λ)2/3
)
, (4.8)
Vilenkon’s tunneling from nothing is obtained by the complex com-
bination
ψV
(
1− λq
(2~λ)2/3
)
=
B
2
(
Ai
(
1− λq
(2~λ)2/3
)
+ iBi
(
1− λq
(2~λ)2/3
))
(4.9)
and finally Linde’s condition is given by
ψL = −iC · Bi
(
1− λq
(2~λ)2/3
)
(4.10)
Where A, B and C are normalization constants which can be deter-
mined.
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The properties of these different wave functions can be better high-
lighted if we consider the following approximate forms at large values of
q (see [30]),
ψHH ≈ (2λ~)
1/6
2(pi2(λq − 1))1/4 (e
iS + e−iS) (4.11)
ψV ≈ i (2λ~)
1/6
2(pi2(λq − 1))1/4 e
−iS (4.12)
ψL ≈ i (2λ~)
1/6
2(pi2(λq − 1))1/4 (e
iS − e−iS) (4.13)
where
S =
1
3λ~
(λq − 1)3/2 − pi
4
(4.14)
Eqs. (4.11)-(4.13) show that the Vilenkin solution actually contains only
the expanding modes, while the Hartle and Hawking and the Linde solu-
tions contain both contracting and expanding modes. This behavior is
most emphasized when one introduces the functions of Wigner and the
tomograms, where the superposition of modes shows the presence of
positive and negative interferences in the phase space. For this reason
it is interesting to discuss the properties of these functions in relation
to the initial conditions. In this way it will be possible to evaluate the
major and minor probabilities of evolution of the universe. In the fol-
lowing we will summarize the results obtained for the Wigner functions
and their properties.
4.2 Wigner Functions
The Wigner function was introduced by Wigner in his paper “On The
Quantum Correction For Thermodynamic Equilibrium”[20] after observ-
ing that in quantum mechanics there was not a simple expression for
probability as in classical statistical mechanics. As a consequence of
the impossibility to measure simiultaneously the position and the mo-
menta, Wigner functions may take negative values. Therefore they can-
not be interpreted as probability functions.
In quantum cosmology Wigner functions were introduced because,
although the formalism in phase space completely describes all the as-
pects of quantum mechanics, the strength of formalism is its ability
of dealing more clearly with semiclassical problems and the transition
from quantum into classical systems.
Firstly because as noted by Wheeler, the wave function is not suitable
for implementing a classic limit because it is not localizable and has
multiple peaks.
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Secondly, it has been hypothesized by some researchers that the
presence in a semiclassical model of a correlation between the canonical
variables is a signature of a classical transition
Finally, it can be established that in quantum cosmology there can
not be a classical transition without quantum decoherence and it has
been pointed out by various authors that Wigner’s functions proves suit-
able for studying it.
Often quantum decoherence it is identified with the cancellation of
the interference terms typical of the quantum phenomena. But it the
result of a coarse graining of the quantum system. It can be achieved in
different ways. For example if the relevant measures can be done only
by specifying the variables qi not at all times t, but in a discrete number
of times ti with i = 1, 2, 3, . . . , otherwise specifying not all the variables qi
at any one time, but some of them or finally by not specifying the definite
values of the qi, but only range of values ∆i they can assume[24].
On the other side the quantum decoherence manifests itself in open
systems through their interaction with an external environment, sim-
ilarly in quantum cosmology the same is obtained by implementing a
coarse graining obtained through a trace-over unobservables.
Some authors tried to find particular solutions of the Wheeler-DeWitt
equation peacke araound a subset of solution of the field equation, so
that the boundary conditions of the Wheeler-DeWitt equation lead, in
the classical limit, to the initial conditions on the classical solutions,
see for example[22]. To show this an approximate solution was used to
construct the Wigner function. That this procedure was incorrect was
shown subsequently in [23], where it was shown that the Wigner func-
tions obtained with approximate functions and do not retain the same
properties of those obtained with the complete solutions as it happens
for example with the harmonic oscillator.
The exact solutions for a de Sitter quantum cosmological model was
obtained by[26][27] using the results obtained by Berry [28]. Which can
be obtained also by applying the (2.2) tp the wave functions obtained
by Halliwell and Louko in [25]. Finally in [31] a complete analysis of
the Wigner function from the point of view of the Deformed Quantum
Cosmology. It was shown that the previous solutions can be obtained
from the Moyal equations(for an overview of the definition of the star
product and the Moyal equation see [32]).
H ? W (q, p) = 0 (4.15)
The Hartle-Hawking Wigner function can be derived directly from 4.15
or by applying eq. (2.2 ) to the wave function (4.8) It takes the form,
WHH(q, p) =
21/3A2
pi(~λ)1/3
Ai
[
4p2 − λq + 1
(~λ)2/3
]
. (4.16)
Only in this case it is possible to obtain explictly this Wigner function.
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In the other two cases the wave function contains the function Bi(q, p)
which is not a limited function, even if formally it is a solution of the
Moyal equation. It must be excluded because the Wigner function s to
be normal or normalizable (see eq. (2.3)).
5 The quantum tomograms of the universe
and the classical limit
In this section we will stress the validity and effectiveness of the to-
mographic approach by discussing the properties of the initial Hartle-
Hawking conditions of which we have an analytical expression.
Let us derive the tomogram corresponding to the wave function( 4.8).
By inserting (4.8) in (2.10) we immediately obtain
W(X,µ, ν) = A
2
|µ|
∣∣∣∣Ai( 1(2~λ)2/3
(
1− λX
µ
− λ
2
16
ν2
µ2
))∣∣∣∣2 (5.1)
where the constant A will be determined using the asymptotic expres-
sion of the tomogram in a similar way to the procedure described sec-
tion 21 of [39] for the one variable wave fucntions. The wave function
is formally the same found for an electrion subject to a linear potential
or a constant electric field (see [39]): In [40] the properties of the wave
function were discussed and the corresponding Wigner function and
tomogram were obtained. We illustrate the qualitative properties of the
tomogram in figure, we put λ = 1/2 such that 2~λ = 1. We choose the
parametrization µ = cosφ and ν = sinφ (typically use for optical tomo-
grams) so that the tomogram could be plotted in the variables X and φ.
The graphic of the tomogram is given in figure 2
The determination of the quantum tomogram allows us to study the
classical limit. One of the ways to do this is to determine the limit of the
tomogram for ~→ 0 and compare the result with the classical tomogram
(3.10). This problem was addressed in [41].
Let us put
ψ(x) = ~γ/2ψ(~x) (5.2)
so that its norm is invariant. Then we write the tomogram constructed
with (5.2)
W (X,µ, ν) = 1
2pi~|ν|
∣∣∣∣∫ ~γ/2ψ (~γy) exp [i( µ2~ν y2 − X~ν y
)]∣∣∣∣2 dy (5.3)
to calculate the limit ~→ 0 we apply the delta theorem which states that
for any function f(x) such that∫ ∞
−∞
f(x) = N (5.4)
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Figure 2: The rich structure of the Hartle Hawking tomogram
we can show that it has the limit
lim
n→∞nf(n(x− x0)) = Nδ(x− x0). (5.5)
In [30] this theorem is discussed and demostrated in a different way for
the Airy function Ai(x).
Let us apply this theorem to the Wigner function (4.16) by consid-
ering the limit (2~λ)2/3 → 0 With an appropriate choice of constant A it
follows that
lim
(2~λ)2/3→0
WHH(q, p) = δ(−4p2 + λq − 1) (5.6)
We conclude that from the point of view of the Wigner functions the
Hartle and Hawking initial condition has a classical limit.
Let us now examine the transition from quantum to classical from a
tomographic point of view.
From (5.1) we see that the limit (2~λ)2/3 → 0 implies that it is suffi-
cient to use the asymptotic expressions of the Airy function Ai(x). They
are
Ai(x) ≈ 1
2pi1/2 |x|1/4
e−ξL(−ξ) (5.7)
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and
Ai(−x) ≈ 1
pi1/2 |x|1/4
[
sin
(
ξ − pi
4
)
Q(ξ) + cos
(
ξ − pi
4
)
P (ξ)
]
(5.8)
where the functions L(ξ), P (ξ) and Q(ξ) are given by the following series,
L(ξ) =
∞∑
s=0
as
ξs
= 1 +
3 · 5
1!216
1
ξ
+
5 · 7 · 9 · 11
2!2162
1
ξ2
+ .... (5.9)
P (ξ) =
∞∑
s=0
(−1)s a2s
ξ2s
= 1−5 · 7 · 9 · 11
2!2162
· 1
ξ2
+
9 · 11 · 13 · 15 · 17 · 19 · 21 · 23
4!2164
· 1
ξ4
+....
(5.10)
and
Q(ξ) =
∞∑
s=0
(−1)s a2s+1
x2s+1
=
3 · 5
1!216
1
ξ
− 7 · 9 · 11 · 13 · 15 · 17
3!2163
1
ξ3
+ ... , (5.11)
where as =
Γ(3s+ 12 )
54ss!Γ(s+ 12 )
and ξ =
2
3
S3/2. In this approximation when the
argument is negative the tomogram is
W(X,µ, ν) ≈ A
2
8pi2~|µ|
(2~λ)4/3∣∣∣1− λXµ − λ216 ν2µ2 ∣∣∣1/2
×
∣∣∣∣P (S) · cos(23S3/2 − pi4
)
+Q(S) · sin
(
2
3
S3/2 − pi
4
)∣∣∣∣2 x, .
(5.12)
When the argument is positive the approximated tomogram has the
form
W(X,µ, ν) ≈ A
2
8pi2~|µ|
(2~λ)4/3∣∣∣1− λXµ − λ216 ν2µ2 ∣∣∣1/2
∣∣e−SL(−S)∣∣2 (5.13)
S =
1
(2~λ)2/3
(
1− λX
µ
− λ
2
16
ν2
µ2
)
(5.14)
The normalization constant A can be fixed by requiring that the quan-
tum and classical tomograms have the same coefficient, i.e.
A =
25/6pi
~1/6λ2/3
. (5.15)
Let us determine the limit of the functions (5.12) and (5.13) for (2~λ)2/3 →
0 . First we notice that righthand side of eq. (5.13) is zero because
lim
(2~λ)2/3→0
e−2S = 0.
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Figure 3: The classical tomogram
There is no contribution to the tomogram from the positive sector of
the Airy function. Let us study the negative sector of Ai(S). From eqs.
(5.10) and (5.11) we see that
lim
(2~λ)2/3→0
Q(S) = 0
and
lim
(2~λ)2/3→0
P (S) = 1,
then in eq.(5.12) we are left with the square modulus of the cosine,
but its argument goes to infinity and the quantum tomogram does not
converge to the classical tomogram, even if one of its factors coincides
with the expression (3.10).
Even modifying the expression of the tomogram as in (5.3) to apply
the delta theorem, we do not obtain the classical limit. For example if
one adjusts the exponent γ of ~ such that the cosine and the sine go
a to a constant, the functions P and Q will take both an infinite value.
Considering that it is not possible to determine a finite tomogram for
the Vilenkin and Linde wave functions, we conclude that none of the
proposed initial conditions lead to a classical universe.
The following tomogram
W(X,µ, ν) = A
2
|µ|
∣∣∣∣12
(
Ai
(
1
(2~λ)2/3
(
1− λX
µ
− λ
2
16
ν2
µ2
))
(5.16)
+iBi
(
1
(2~λ)2/3
(
1− λX
µ
− λ
2
16
ν2
µ2
)))∣∣∣∣2 (5.17)
22
Figure 4: The quantum de Sitter tomogram
witnnh A given by (5.15), provided the condition (2.25) is satisfied is a
possbile solution because in the limit (2~λ)2/3 → 0 its asymptotic ex-
pression reduces to the classical tomogram .
In this case the classical and quantum tomograms are compared in
figures 3 and 4 to show that they can be superimposed see fig. 5.
6 Perspectives and conclusions
The introduction of the tomographic analysis in quantum cosmology
has enabled us to highlight some important properties of the solutions
of the Wheeler DeWitt equation.
The main result of this paper is the study of the classical limit of
a quantum universe is dominated by the cosmological constant and
comparing it with the tomogram derived from the de Sitter classical
solution. Although it is an extremely simple model, it still provides us
with a very interesting result.
Indeed as the classical limit is achieved by taking the limit (2~λ)2/3 →
0 in eqs. (5.6) and (5.7), we can see that this limit is not necessarily ob-
tained ~→ 0. Rather it looks like that the quantum-classical transition
of the universe depends on the decay of the cosmological constant from
values close to λ ≈ 1 to the present value λc = 5.6 · 10−122t−2p . Moreover
it results that the state of the classical universe is constrained by the
interval (3.14) yielding a very high degree of homogeneity.
Therefore the problem of the value of the cosmological constant [42]
becomes crucial to understand the current large-scale structure of the
universe. We noticed that even if the the Hartle-Hawking Wigner func-
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Figure 5: The superposition of the classical and quantum de Sitter to-
mogram
tion converges to the classical solution, its corresponding tomogram
does not converge because when (2~λ)2/3 → 0 its asymptotic expression
oscillates rapidly , therefore it has not a limit.
However, we can not rule out that the universe can be described by
this particular model. Since the final value of the cosmological con-
stant, although small is different from zero, it could be that the limit of
the Hartle and Hawking model describes equally well a universe dom-
inated by the cosmological constant in which the material sources are
negligible and where the galaxies can behave as test bodies. Since the
integration interval should be of the same order of magnitude as the
classical model, the tomogram would present some oscillations that
would distinguish it from the classical model (3.10). An analysis of the
distribution of motion of galaxies could falsify one of the two models or
even both.
The second interesting point is that the normalization condition (2.35)
restricts the range of values that X can take. This suggests that a fur-
ther investigation is needed to determine domain of the functions (4.9)-
(4.10) such that the resulting tomogram can be expressed, even if in an
analytic way.
On the other side according to the properties of the Airy functions,
we introduced the tomogram (5.16) as a possible solution that converges
to the classical solution (3.10). But the asymptotic expression of the
oscillating part of the Airy functions converges to the inverse square
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root of | − ξ|, and the classical solution is inverse of the modulus of the
square root of ξ. These two functions are not equal everywhere. The
two tomograms can be superimposed only when
ξ =
λ2ν2
16µ2
+
λX
µ
− 1 ≥ 0
where the physical relevant regions of definition for X can be found.
Of course the results of this paper cannot be considered conclusive,
it will be necessary to study more general models taking in account
the presence of scalar fields and more general material sources. The
method introduced in this paper can be extended to many models in
the vast literature of quantum cosmology from the traditional solutions
of the Wheeler De Witt equation to the loop quantum cosmology [43]
and for the further developments (see for example [44]).
Finally the tomographic approach can be extended beyond the anal-
ysis of the single wave functions of the universe, because the task of
quantum tomography is the reconstruction of the initial state of a phys-
ical system starting from the experimental data, so with this perspec-
tive further work will be devoted to the phenomenological construction
of the tomograms of the classical universe.
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